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Abstract
The conformal anomaly (also known as the stress-energy trace anomaly) of an interacting quan-
tum theory, associated with violation of Weyl (conformal) symmetry by quantum effects, can be
amended if one endows the theory with a dilatation current coupled to a vector field that is the
gauge connection of local Weyl symmetry transformations. The natural candidate for this Weyl
connection is the trace of the geometric torsion tensor, especially if one recalls that pure (Cartan-
Einstein) gravity with torsion is conformal. We first point out that both canonical and path
integral quantisation respect Weyl symmetry. The only way quantum effects can violate conformal
symmetry is by the process of regularization. However, if one calculates an effective action from
a conformally invariant classical theory by using a regularisation procedure that is conform with
Weyl symmetry, then the conformal Ward identities will be satisfied. In this sense Weyl symmetry
is not broken by quantum effects. This work suggests that Weyl symmetry can be treated on equal
footing with gauge symmetries and gravity, for which an infinite set of Ward identities guarantees
that they remain unbroken by quantum effects.
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I. INTRODUCTION
The discovery of conformal anomaly dates back to 1974 to the seminal work of Capper
and Duff [1], in which the authors showed that the Ward identities of conformal symmetry
are broken by the 1-loop quantum fluctuations. Next Capper and Duff found that the one-
loop photon contributes anomalously to the graviton self-energy through the time-ordered
energy-momentum tensor (TT) correlator on Minkowski space, 〈T [T µµ (x)Tσλ(0)]〉 6= 0. Their
results show that, while the counter-terms proportional to 1/(D−4) respect Weyl symmetry,
where D denotes the dimension of spacetime, the finite contribution does not, yielding an
anomalous contribution to the TT correlator. In Ref. [2] a second type of anomaly, related to
the Euler characteristic of the (Euclidean) manifold, appeared in the trace anomaly, given in
four dimensions by the Gauss-Bonnet density, namely 〈T µµ 〉 ∝ R2 − 4RµνRµν +RµνλσRµνλσ,
where Rµνλσ is the curvature tensor and Rµν = g
λσRλµσν , R = g
µνRµν .
Inspired by these early results, much work has been done on conformal anomalies in the
past 40 years. For example, Ref. [3] has argued that the anomaly is responsible for Hawking
radiation. Furthermore, the general form of the anomaly in four dimensions was deduced
from general covariance and conformal invariance [4], based on which Riegert showed to
follow from a non-local action [5]. More precisely, Riegert showed that all the anomalous
terms – including R, Weyl2 and the Gauss-Bonnet term – follow from variation of the
Riegert (nonlocal) action, where Weyl stands for the Weyl tensor and is the d’Alembertian.
The exception is the anomalous term ∝ R2, for which Riegert had shown that it cannot be
obtained by variation of a non-local action.
The conformal anomaly has found many intriguing physical applications. For example, it
has been argued to be the explanation for the dark energy of the Universe [6]. Furthermore,
conformal anomaly may be responsible for formation of cosmological perturbations [8], may
induce non-Gaussianties in the cosmic microwave background radiation [7] and could play
an important role in the formation of compact stellar objects such as gravastars [9], which
have been proposed as an alternative to black holes.
The common explanation for these results found in literature is that Weyl symmetry
may be a symmetry of classical theory, but it is generally violated in quantum theory.
This can be seen from the non-invariance of the path integral measure Dφ under the Weyl
transformations, gµν → Ω2(x)gµν , φ→ Ω−D−22 (see for example [10]). In this work we show
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that this argument is not true and that both canonical and path integral quantization (in
its phase space form) are manifestly Weyl invariant thanks to the non-trivial contributions
to the path integral measure coming from the gravitational field. 1
A violation of Weyl symmetry is usually introduced by the procedure of regularization of
a (perturbative) effective action. That is in fact necessary, since usual regularization scheme
necessarily introduce a scale in the theory, thus breaking the symmettry. However, as we
will show in section IV there might be a way of working around this, if a compensating field
for conformal transformations is present in the theory.
II. GRAVITY WITH TORSION AND ITS SYMMETRIES
Recently we have shown [11] (for reviews see [12, 13]) that geometric torsion can be used
to define an exact conformal structure on the manifold induced by the transformation laws
of the metric tensor gµν and connection Γ
λ
µν ,
gµν → Ω2gµν ,
Γλµν → Γλµν + δλµ∂ν log Ω ,
(1)
where Ω = Ω(x) is an arbitrary scalar field on the spacetime manifold M. The set of local
transformations (1) requires the introduction of an additional geometric structure on the
spacetime manifold, as the transformed connection is not symmetric anymore, and thus
generates torsion. In particular, the transformation (1) generates a longitudinal component
of the torsion trace one-form ∝ ∂µ log Ω. For this reason we have proposed in [11] to consider
the torsion trace as the gauge connection of localized conformal (Weyl) transformations, 2
analogously to how the electromagnetic field is the gauge connection of the localised U(1)
group.
In Ref. [11] we have studied a realization of such a theory, where by using the metric
formalism of spacetime with torsion we defined the covariant derivative acting on an arbitrary
1 In this work we take gravity to be classical (non-dynamical). The effects of dynamical gravity will be
discussed in a separate publication.
2 As in a large fraction of literature, we often refer to Weyl transformations (1) as conformal transfor-
mations, even though strictly speaking Weyl transformations constitute just one element of the much
larger conformal group, which consists of the Poincare´ group augmented by special conformal and Weyl
transformations.
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representation of the Lorentz group with conformal weight ω as,
∇¯µΨ = ∇µΨ+ (ωg − ω)TµΨ , (2)
where ωg is the geometric weight (scaling dimension) of Ψ, namely its scaling under the
diffeomorphisms, xµ → xµ + λxµ, and ω is the scaling dimension of the field. ∇µ is the
spacetime covariant derivative with torsion, whose connection one can solve for using the
metric compatibility condition, to get, when ∇µ acts on a vector field,
∇µV λ = ∂µV λ + ΓλσµV σ = ∂µV λ +
{λ
σµ
}
V σ +KλσµV
σ ,
{λ
σµ
}
=
gλρ
2
(∂σgµρ + ∂µgσρ − ∂ρgµν) ,
Kλσµ = Tλσµ + Tσµλ + Tµσλ & T
λ
σµ ≡ Γλ[σµ] .
(3)
The derivative operator ∇¯ in (2) denotes conformal covariant derivative which commutes
with the transformations (1), ∇¯µΩ = Ω∇¯µ. Sometimes we also use the notation
◦
∇µ to
indicate the general relativistic covariant derivative, that is the derivative computed by
using Christoffel symbols.
The conformal covariant derivative in Eq. (2) satisfies metric compatibility and conser-
vation of the volume form, since in D = 4 spacetime dimensions, ∇¯µǫαβγδ = 0. 3 Finally (2)
satisfies Stokes theorem if the integral is dimensionless (i.e. if its scaling dimension is zero),
namely, ∫
Σ
dω =
∫
Σ
∇¯µ1ωµ2···µpdxµ1 ∧ · · · ∧ dxµp =
∫
∂Σ
ωµ2···µpdx
µ2 ∧ · · · ∧ dxµp , (4)
if the scaling dimension of ωµ2···µp is equal to 0. This is easily verified using that the factor
appearing in the definition of the conformal covariant derivative (2) (ωg − ω) would be +p.
III. WEYL SYMMETRY IN THE QUANTUM THEORY
We begin this section by showing why neither canonical quantisation nor path integral
quantisation can break local Weyl symmetry and how this becomes apparent when coupling
to (non-dynamical) gravity is accounted for.
3 A generalization to general D spacetime dimensions is straightforward, ∇¯µǫα1α2...αD = 0.
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Canonical quantisation in curved spaces requires the existence of a time-like vector, nµ,
along which the canonical momentum is defined. This in turn induces a foliation on space-
time [2] with spatial slices, Σ, on which one can rigorously define field quantisation which
is, as we shall now show, Weyl invariant on curved spacetimes.
Let us begin by considering a conformally coupled scalar field φ(x) whose classical action
is, 4
Sφ =
∫
dDx
√−g
{
−1
2
gµν
(
∂µφ+
D − 2
2
Tµφ
)(
∂νφ+
D − 2
2
Tνφ
)}
(5)
=
∫
dDx
√−g
{
−1
2
[(
gµν − n
µnν
‖n‖2
)
∇¯⊥µφ∇¯⊥ν φ+
nµnν
‖n‖2 ∇¯
‖
µφ∇¯‖νφ
]}
, (6)
where Tµ is the torsion trace 1-form (see Ref. [11]), our metric convention is sign[gµν ] =
(−1, 1, 1, . . . ) and
φ→ φ˜ = Ω−D−22 φ . (7)
Then the usual definition of canonical momentum implies,
πφ ≡ δSφ
δ(nν∂νφ)
=
√−g nν‖n‖2g
µν∇¯µφ , =⇒ πφ → π˜φ = Ω(D−2)/2πφ , (8)
where ‖n‖2 = g(n, n) = gµνnµnν is the norm-squared of nµ, whose canonical dimension is 2
(if t = constant on Σ then nµ = δµ0) and n
µ does not scale (its scaling dimension is zero).
Eqs. (7–8) in turn imply, 5 [
φ, πφ
]
=
[
φ˜, π˜φ
]
= i1 , (9)
such that canonical quantisation respects conformal symmetry. This invariance is a simple
consequence of the fact the canonically conjugate variables have opposite scaling dimension,
see (7–8).
One can easily show that the same is true for a fermionic field ψ. To see that consider a
fermion whose action is,
Sψ =
∫
dDx
√−g
[ i
2
eµa
(
ψ¯γa
→
∇µψ − ψ¯
←
∇µγaψ
)
+ Lψ,int
]
, (10)
4 The action (5) is conformal in arbitrary D spacetime dimensions. The quantization procedure would go
through for a self-interacting scalar field in D = 4, in which the interaction term Sint =
∫
d4x
√−gLint =
− ∫ d4x√−g(λ/4)φ4.
5 Throughout this work we work in natural units in which, ~ = 1 = c and 1 in (9) is a shorthand for
δD−1(~x−~x′) times a Kronecker delta over internal indices, if the field contains more than one component.
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where Lψ,int is some (conformal) interaction term (which may include coupling to other
matter fields but contains no derivatives), eµa(x) is a tetrad field, γ
a are the Dirac matrices
on tangent space, {γa, γb} = 2ηab, on which the metric is flat Minkowski, ηab = diag(−1, 1, ..)
and ψ¯ = ψ†γ0. The action (10) then implies a canonical momentum,
πψ =
√−g nµ‖n‖2 e
µ
a ψ¯γ
a , =⇒ πψ → π˜ψ = Ω(D−1)/2πψ . (11)
Taking into account Fermi statistic, the quantisation condition for fermions becomes,
{
ψ, πψ
}
=
{
ψ˜, π˜ψ
}
= 1 , (12)
proving that canonical quantisation of fermions respects conformal symmetry.
Next we consider conformal symmetry in the context of path integral quantisation. It
turns out that the symmetry of quantisation is made manifest in the phase space version of
path integral, which is usually taken to define the path integral quantisation.
For an interacting scalar field theory, for example, the vacuum-to-vacuum scattering
amplitude reads, 6
〈in|out〉 =
∫
DφDπφ exp
{
i
∫
dD−1~xdt
(
πφn
µ∂µφ−Hφ
)}
, (13)
where nµ∂µφ = φ˙ if the spatial hypersurface Σ is chosen to be a constant time hypersurface,
Hφ(φ, πφ) = πφnµ∂µφ−√−gLφ(φ, ∂µφ) is the Hamiltonian density and Lφ is the Lagrangian
density (which for now needs not be specified). With Eqs. (7) and (8) in mind we immediately
see that the measure in (13) is Weyl invariant, such that the path integral in (13) and thus
also the scattering amplitude must be Weyl invariant if Lφ is conformal.
The only thorny issue that might spoil conformal symmetry is related to the question
of whether the path integral (13) is well defined. That indeed may pose a problem in the
sense that the amplitude (13) is generally divergent and since any regularisation of (13)
violates Weyl symmetry, it can make it ‘anomalous.’ However, as we argue below, a suitable
regularisation scheme can make Weyl symmetry non-anomalous.
6 For fermions the measure is,
DψDπψ = DψDψ¯ det
(√−g‖n‖−2nνgνµγµ) ,
where the determinant is taken both on spinor indices and on spacetime continuous indices. The measure
is both diffeomorphism and Weyl invariant.
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It is worth remarking that in literature one often finds a path integral formulation in
which the integration over the momentum is performed and in which Weyl symmetry of the
path integral does not seem manifest. To show that this is not the case, let us perform the
Gaussian integral over the (suitably shifted) momentum,
∫
Dπ˜φ exp
{
i
∫
dDx
‖n‖2π˜2φ√−g
}
=
√
det
(√−g‖n‖−2δD(x− y)) =∏
x
(√−g(x)
‖n(x)‖2
) 1
2
. (14)
With this result in mind, Eq. (13) can be written as,
〈in|out〉 =
∫
D¯φ eiSφ , (15)
where Sφ =
∫
dDx
√−gLφ and the barred measure is
D¯φ =
∏
x
dφ(x)
(√−g(x)
‖n(x)‖2
) 1
2
, (16)
which is obviously Weyl invariant. Note the dependence on the metric tensor in (16), which
is usually omitted from the measure, but is essential for Weyl symmetry.
For systems with constraints – such as gauge theories or gravity – one can also show that
the phase space path integral measure is conformal. Since a proper analysis of that question
is rather subtle, we relegate the details on how that works in an Abelian gauge theory to
Appendix A. The discussion of gravity and non-Abelian gauge theories we postpone to future
work.
In this section we have presented cogent arguments in favour of preservation of Weyl
symmetry. Namely, since both canonical (or Dirac) and path integral quantisation preserve
conformal symmetry, if Weyl (conformal) symmetry is respected by classical theory, it will
remain symmetry of the quantum theory provided one uses regularisation scheme that does
not violate the symmetry. This is to be contrasted with the literature on conformal anoma-
lies, which states that conformal symmetry is anomalous in the sense that quantum effects
generically break it.
In the next section we proceed with further building evidence and show that, if a classical
theory is conformal, the conformal Ward identities – when suitably modified – are obeyed
in the quantum theory.
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IV. WARD IDENTITIES FOR WEYL SYMMETRY
This is the principal section of this paper in which we address the central question: “What
is the origin of conformal anomalies?” 7 If we accept the argument of the previous section
– according to which quantisation does not break conformal symmetry – then conformal
symmetry should be a symmetry of the quantum theory, at least if the classical action is
itself Weyl invariant. Instead, the literature claims that conformal symmetry is broken by
quantisation, as it is corroborated/evidenced by breaking of the conformal Ward identity,
〈T µµ 〉 = 0. In what follows we show that the problem of conformal anomalies can be solved in
theories in which a compensating field for Weyl symmetry is added. The claimed breaking of
the quantum identity, 〈T µµ 〉 = 0, should be re-interpreted as breaking of the global (rescaling)
symmetry, while the local symmetry is left unbroken.
A. Fundamental Ward identity
The idea we want to pursue here is to consider Weyl symmetry as a gauge transformation,
which is compensated by a one-form (Weyl) field which transforms as, Tµ → Tµ+∂µ log Ω(x),
under Weyl transformations defined in (1). As we show below, this then instigates the
following modification of the fundamental Ward identity for Weyl symmetry,
〈T µµ 〉+ 〈∇¯µΠµ〉 = 0 , (17)
where Πµ is the dilatation current that sources the Weyl field Tµ and the brackets denote the
time ordered product of operators. Equation (17) is the fundamental Ward identity for local
Weyl symmetry. The identity simply states that there exists a current Πµ whose divergence
equals to the trace of the energy-momentum tensor.
If a theory is globally scale invariant, we would be led to the stronger requirement that
〈T µµ 〉 = 0 (since for global scale transformations, ∂µ log Ω = 0). In such a case, at least for
flat spacetimes, there exists a conserved current, the dilatation current, which is conserved,
namely, Dµ = −T µνxν . From these observations it then follows that requiring 〈T µµ 〉 = 0 is
equivalent to demanding that the global scale transformation is a symmetry of the theory,
7 Conformal anomalies is the commonly used term signifying any anomaly associated with the breaking of
Weyl symmetry.
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which is not the case if the symmetry is e.g. broken by quantum effects. In other words, one
can try to construct a classical action by using only the metric tensor and matter fields that
is Weyl invariant. In constructing such a theory, however, one usually makes no distinction
between global and local coformal symmetry and a breaking of global scale symmetry implies
a breaking of local conformal symmetry.
The crucial observation is that in flat space there always exists a dilatation current Dµ
such that,
∂µD
µ = −T µµ , (18)
which is divergence-free only if global scale symmetry is realised. Our proposal is to elevate
the currentDµ to the source for the Weyl gauge field Tµ on general curved spacetimes. If such
a Weyl field exists it could be used to generate the source current via, Πµ = (−g)−1/2δS/δTµ.
Hence the physical meaning of Πµ is the curved spacetime generalisation of the dilatation
current Dµ. Such a current is in general independent of the energy-momentum tensor and
moreover – as we shall see – can be written as a local function of the fields. 8 That fact
of Nature seems to hint at the existence of a new symmetry and it would be foolish not to
make use of it.
As we will see next, there are several operators for which Πµ is non trivial, for example all
dimension four curvature operators with torsion and the scalar field kinetic terms, as in (5).
All these contributions can get sourced by a non vanishing energy-momentum tensor trace,
such to respect the identity (17).
In order to see that the dilatation current naturally arises and that it can be written as
a local function of the fields, let us consider an interacting, scale-invariant field theory (in
D = 4) of N scalar fields,
S{φa},N =
∫
d4x
√−g
(
−1
2
ζab∂µφ
a∂µφb +
λabcd
4
φaφbφcφd +
ξab
2
φaφbR
)
, (19)
where ζab, ξab and λabcd are constants. It is easy to show that the trace of the energy-
8 The nonlocal expressions, Πµ(x) = − ∫ x
x(0)
dx˜νT µν(x˜) and Π
µ(x) = −(∂µ/)Tαα(x), would obviously do.
However, such forms for Πµ would be obtained by variation of the corresponding nonlocal effective actions.
One could make these actions local by introducing an auxiliary field, whose physical meaning is that of a
Weyl field Tµ. We may as well bypass the nonlocal step and from the very beginning work with a local
formulation in which Tµ exists as an independent field. That is the approach advocated here.
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momentum tensor, Tµν =
2√−g
δS
δgµν
, satisfies,
T µµ = ∇µ
[
(ζab + 12ξab)φ
a∂µφb
]
=⇒ Dµ = − (ζab + 12ξab)φa∂µφb . (20)
Hence our prescription for the dilatation source, namely Dµ = (−g)−1/2δS/δTµ, yields nat-
urally to the modification, ∂µ → ∇¯µ , R→ R¯, in the action (19), where ∇¯µ is the conformal
covariant derivative and R¯ is the curvature scalar with torsion. We are then led to the
action (5) generalised to N interacting scalars with non-minimal coupling to the curvature
scalar and quartic interactions. Then for all values of ζab and ξab (a, b,= 1, . . . , N) we would
have a Weyl invariant action whose energy momentum tensor is the divergence of a vector
current.
In Ref. [11] we showed that the natural candidate for the gauge field of Weyl trans-
formations is torsion trace. Indeed, torsion trace generates scale transformations on vec-
tors that are parallel transported on the manifold and, if the expected transformations
gµν → Ω2gµν , Tµ → Tµ + ∂µ log Ω are performed, one finds that the curvature tensor and
the geodesic equation are left invariant. Moreover, since torsion trace is a geometric field,
it couples universally to all matter fields. For all these reasons we conclude that the torsion
trace can be considered as the Weyl gauge field, and that is what we propose in this paper.
In what follows we consider an interacting, conformal scalar theory and prove that the
fundamental Ward identity (17) is implied by the Ehrenfest theorem for the equations of
motion. The vacuum-to-vacuum scattering amplitude is 9,
〈in|out〉 =
∫
D¯φ eiSφ , (21)
where D¯φ is the Weyl invariant measure given in Eq. (16) and Sφ is a conformal scalar
action, whose kinetic part is given by (5).
Requiring that infinitesimal Weyl transformations, Ω(x) → 1 + ω(x), under which the
fields transform as,
φ→ φ′ = φ− D − 2
2
ωφ , gµν → g′µν = gµν + 2ωgµν , Γαµν → Γ′αµν = Γαµν + δαµ∂νω , (22)
9 Having in mind the invariant path integral measure for fermions given in footnote 6, the generalisation for
fermions of the derivation leading to the identity (27) is straightforward and we do not consider it here
separately; see, however, section IVC below.
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do not change the in-out amplitude (21) yields,
〈in|out〉 =
∫
D¯φ′eiS′φ (23)
=
∫
D¯φeiSφ
[
1 + i
∫
dDx
√−g
(
− D − 2
2
√−g
δSφ
δφ(x)
ω(x)φ(x) +
2√−g
δSφ
δgµν(x)
ω(x)gµν
+∇¯µ
(
1√−g
δSφ
δTµ(x)
)
ω(x)
)]
.
Since this must be true for any arbitrary infinitesimal ω(x), Eq. (23) then implies,∫
D¯φeiSφ (T µµ + ∇¯µΠµ) = 0 , (24)
where,
Tµν =
2√−g
δS
δgµν
, (25)
Πµ =
1√−g
δS
δTµ(x) , (26)
and we have used the Ehrenfest theorem (81) from Appendix B. Upon dividing (24) by
〈in|out〉 we finally get,
〈T µµ 〉+ 〈∇¯µΠµ〉 = 0 , (27)
proving thus (17). The angular brackets in (27) denote an expectation value of the time-
ordered product and all the derivatives must be evaluated inside the time-ordered product.
The identity (27) is the main result of this work. In order to elucidate its meaning, in the
remainder of this section we discuss some useful examples.
B. Conformal anomaly in an interacting scalar theory
Consider now the following self-interacting scalar theory,
Sφ =
∫
dDx
√−g
(1
2
gµν∇¯µφ∇¯νφ− λφ4
)
, (28)
which is conformal in D = 4. The action (28) then implies,
T µµ = −∇¯µφ∇¯µφ+Dλφ4 , (29)
∇¯µΠµ = ∇¯µφ∇¯µφ+ φ∇¯µ∇¯µφ , (30)
11
and the identity (17) leads to,
〈
φ
(∇¯µ∇¯µφ+ 4λφ3)〉+ (D − 4)λ〈φ4〉 = (D − 4)λ〈φ4〉 , (31)
where we applied again Eq. (81). Na¨ıvely one might think that the term on the right hand
side may generate a finite contribution in dimensional regularisation, as λ〈φ4〉 ∝ 1/(D− 4).
However, this cannot be so since λ〈φ4〉 contributes to the energy-momentum tensor as,
〈Tµν〉 ⊃ gµνλ〈φ4〉, such that any primitive divergence must be regulated, implying that
λ〈φ4〉 must be finite. This immediately implies that, after regularisation and when the limit
D → 4 is taken, the term (D − 4)λ〈φ4〉 in (31) will vanish and thus the fundamental Ward
identity (17) will be respected.
C. Conformal anomaly in Yukawa theory
In order to further motivate the identity (17), let us consider the following Yukawa theory,
whose action is conformal in D = 4,
SYu =
∫
dDx
√−g
(
1
2
∇¯µφ∇¯µφ+ i
2
(ψ¯γµ
↔
∇µψ)− yφψ¯ψ
)
, (32)
where ψ and φ represent fermionic and scalar fields and y is a (constant) Yukawa coupling.
For this theory the energy-momentum tensor and divergence of the torsion source are given
by,
Tµν =
i
2
(
ψ¯γ(µ
↔
∇ν)ψ
)
+ ∇¯µφ∇¯νφ− gµν
(
1
2
∇¯αφ∇¯αφ+ i
2
(ψ¯γα
↔
∇αψ)− yφψ¯ψ
)
, (33)
∇¯µΠµ = ∇¯µφ∇¯µφ+ φ∇¯µ∇¯µφ . (34)
Summing (33) and (34) then leads to,
− 3
2
〈
ψ¯
(
i ∇ψ − yφψ
) 〉
+
3
2
〈(
iψ¯
←
 ∇+yφψ¯
)
ψ
〉
+
〈
φ
(∇¯µ∇¯µφ+ yψ¯ψ) 〉+(D−4)y〈φψ¯ψ〉 . (35)
The first three angular brackets in (35) constitute expectation values of composite operators,
each containing a product of a field and an equation of motion for either ψ, ψ¯ or φ. Therefore,
all of them must vanish by (the Yukawa-theory version of) the Ehrenfest theorem, c.f.
Eq. (81). Similarly as above one can argue that the term (D−4)y〈φψ¯ψ〉 in (35) must vanish
in D = 4. Indeed, if that was not the case it would have lead to a nonvanishing divergence
in the energy momentum tensor which contains a term of the form, 〈Tµν〉 ⊃ gµνy〈φψ¯ψ〉.
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D. Conformal anomaly in an interacting Yang-Mills
Another type of interacting theory that occurs in the standard model is a gauge theory
that couples to a charged scalar current. 10 The action is,
SYM =
∫
dDx
√−gTr
(
−1
4
gµρgνσFµνFρσ + g
µν
(
D¯µφ
)†(
D¯νφ
))
(36)
where the gauge field is taken to be in adjoint representation and the scalar in fundamental
representation (just like as they are in the standard model), and the Tr is taken on the group
indices. The field strength is given by,
Fµν = ∇¯µAν − ∇¯νAµ + e
[
Aµ, Aν
]
= F aµνλ
a
adj , F
a
µν = ∇¯µAaν − ∇¯νAaµ + efabcAbµAcν , (37)
where fabc are the adjoint representation structure constants, λaadj the group generators also
in the adjoint representation, e is the gauge coupling constant and
∇¯[µAaν] = ∂[µAaν] +
D−4
2
T[µAaν] (38)
is the conformal exterior derivative as it acts on the gauge field. Note that the conformal
derivative become the usual exterior derivative in D = 4, but it breaks gauge symmetry
away from D = 4. Since we are ultimately interested in D = 4, the conformal derivative
for gauge fields was introduced for regularisation purposes only. Varying the action (36)
with respect to the matter fields Aµ, φ (here φ = φ
aλafund, λ
a
fund are the basis matrices of
the fundamental representation of the gauge group) and φ† gives the following equations of
motion,
D¯µ
(
D¯µφ
)
= 0, D¯µ
(
D¯µφ
)†
= 0 , (39)
D¯µ =
◦
∇µ−D−2
2
Tµ+ieAµ, D¯µ = gµν
( ◦∇ν+D−2
2
Tν+ieAν
)
D¯µF
µν = iegµν
[
φ†D¯νφ−
(
D¯νφ
)†
φ
]
, (40)
where
◦
∇µ is the general relativity covariant derivative, that is the space-time covariant
derivative computed using the Christoffel symbols. When acting on a scalar, it equals
10 The coupling to fermions can be also included and we leave it to the reader as an exercise. One can in fact
consider the action (32) with minimal coupling to gauge fields, ∇µ → Dµ. Proceeding in the analogous
way as we do here, one would then find an extra contribution to Eq. (45) proportional to (D−4)〈Aµψ¯γµψ〉,
which again drops in D = 4 since the operator 〈Aµψ¯γµψ〉 must be finite.
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the partial derivative
◦
∇µφ = ∂µφ, while when acting on a vector it has the expression,
◦
∇µV µ = 1√−g∂µ (
√−gV µ). Note that in (39–40) the conformal covariant derivative always
comes with conformal weight of the associated tensor density. Thus conformal weight of φ is
−(D − 2)/2, of √−gD¯µφ is +(D− 2)/2 while conformal weight of √−gF µν is +(D− 4)/2.
On the other hand, varying (36) with respect to the geometric fields gµν and Tµ results in,
Tµν =Tr
{
FµαFνβg
αβ−1
4
gµνFαβFγδg
αγgβδ+2
(
D¯µφ
)†(
D¯νφ
)−gµν[gαβ(D¯αφ)†(D¯βφ)]
}
(41)
Πµ = Tr
{
− D−4
2
AνFγδg
νδgµγ +
D−2
2
gµν
[
φ†
(
D¯νφ
)
+
(
D¯νφ
)†
φ
]}
. (42)
Taking a trace and expectation value 11 of Tµν we get,
〈T µµ 〉 = Tr
{
D − 4
4
〈FµνFρσ〉gµρgνσ − (D−2)〈
(
D¯µφ
)†(
D¯νφ
)〉
}
(43)
while taking a (conformal) 12 covariant divergence and expectation value of Πµ we obtain,
〈∇¯µΠµ〉 = Tr
{
− D − 4
4
〈FµνFρσ〉gµρgνσ + (D−2)〈
(
D¯µφ
)†(
D¯νφ
)〉
−D − 4
2
ie
〈
Aµ
[
φ†
(
D¯µφ
)− (D¯µφ)†φ]〉
}
. (44)
By combining (41) and (42) we see that the fundamental identity (17) is not quite satisfied,
〈∇¯µΠµ〉+ 〈T µµ 〉 = −
D − 4
2
ieTr
〈
Aµ
[
φ†
(
D¯µφ
)− (D¯µφ)†φ]〉+ D − 4
2
e〈Aµψ¯γµψ〉 . (45)
To see that the terms on the right hand side must vanish, note that the last term in the
(expectation value of the) energy-momentum tensor (41) can be decomposed as,
Tr
〈(
D¯µφ
)†(
D¯µφ
)〉
= Tr
〈(∇¯µφ)†(∇¯µφ)〉− ieTr〈Aµ[φ†(D¯µφ)− (D¯µφ)†φ]〉 . (46)
Upon renormalisation is exacted both terms must be finite. To see that observe that the
first term in (46) is present also when the gauge field vanishes and therefore must be finite
11 In taking an expectation value one ought to integrate over fields fluctuations weight by the action. By
making use of the phase space version of the path integral quantisation, in Appendix A we show that such
a quantisation respects conformal symmetry in Abelian gauge theories in the sense that the corresponding
path integral measure is conformal. Here we assume that that is also the case with the measure of non-
Abelian gauge fields, but leave the proof to future publication.
12 The conformal weight of
√−gΠµ is zero, such that taking covariant and conformal covariant derivatives
of Πµ coincide.
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by itself and thus the second term must be also finite (because the whole energy-momentum
tensor must be finite), implying that the right hand side of (45) must vanish and therefore
the fundamental conformal Ward identity (17) is satisfied. Analogously, since 〈Aµψ¯γµψ〉 also
appears in the energy momentum tensor, with a contribution that vanishes upon setting Aµ
to zero, and so it must be finite by itself to guarantee that the energy momentum tensor is
finite.
In conclusion, we have considered all types of interacting field theories that occur in the
standard model and we have showed that the fundamental identity (17) is satisfied for all
of them, implying that it is also satisfied in the standard model.
E. Boundary terms and local anomaly
There are terms that contribute to 〈T µµ〉 as total derivatives. To expound on the meaning
of such terms, let us consider the scalar 1-loop effective action around a general gravitational
background which before regularisation is of the form [12],
Γφ =
1
4π2
∫
dDx
√−g
[
Γ
(
1−D
2
)(
αR¯
)D
2 +Γ
(
2−D
2
)(
βCαβγδC
αβγδ+γE4
) (
αR¯
)D−4
2
]
,
(47)
where R¯ is the Ricci scalar formed from the curvature tensor with torsion, Cαβγδ is the Weyl
tensor which is independent of the torsion trace,
E4 = 1
4!
ǫµνλσǫαβ
γδR¯αγµνR¯
β
δλσ =⇒ 1
D!
ǫµνλσρ1···ρD−4ǫρ1···ρD−4αβ
γδR¯αγµνR¯
β
δλσ , (48)
is the Euler density which is in four dimensions a total divergence [17] and α, β and γ are
constants. The action (47) is divergent (in the sense that it yields divergent contributions
to the Einstein’s equation) and thus it ought to be renormalised. The first step in the
renormalisation procedure is to identify the finite parts of the action.
To do that let us firstly analyse the contribution to the stress-energy tensor from the
Euler density (48). Its variation gives a finite contribution to the stress-energy tensor and
as such does not need any counter term. To see that let us vary the contribution of E4 to
the effective action (47). We have,
δ
δgρτ (z)
∫
dDx
√−gǫµνλσρ1···ρD−4ǫρ1···ρD−4αβγδR¯αγµνR¯βδλσ (49)
=
∫
dDx
√−gǫµνλσρ1···ρD−4 δ
(
ǫρ1···ρD−4αβ
γδ
)
δgρτ (z)
R¯αγµνR¯
β
δλσ ,
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were we dropped the following two terms,
δ
(√−gǫµνλσρ1 ···ρD−4)
δgρτ(z)
&
√−gǫµνλσρ1 ···ρD−4 δ
(
R¯αγµν
)
δgρτ(z)
R¯βδλσ ,
the first one because the factors of
√−g cancel between √−g and the Levi-Civita` tensor
and the second one because it vanishes due to the Bianchi identities. The term that is
left in (50) is identically zero in D = 4 since in four dimensions ǫαβ
γδ yields contributions
that are independent of the metric tensor. Taking account of this we finally arrive at the
expression,
2√−g
δ
δgρτ(z)
∫
dDx
√−gǫµνλσρ1 ···ρD−4ǫρ1···ρD−4αβγδR¯αγµνR¯βδλσ
=
D − 4
D
gρτ
(
ǫµνλσǫαβ
γδR¯αγµνR¯
β
δλσ
)
=
D − 4
D
gρτE4 ,
which can be verified directly from (50) by evaluating δ
(
ǫρ1···ρD−4αβ
γδ
)
/δgρτ(z). This shows
that we get a finite contribution to the stress-energy tensor from the divergent contribution
proportional to the Euler density term in the effective action (47) and thus we do not have
to add a counter term to renormalise it.
To be consistent, we should also check that the same term gives a finite contribution to
the Weyl field source, Πµ. Indeed, upon noticing that E4 = ∇¯µVµ, where Vµ has scaling
dimension −4 under Weyl transformations, we can see that this is the case. Using the
conformal Stokes theorem (4) one can show that in general D,
∇¯µVµ = 1√−g∂µ
(√−gVµ)− (D − 4)TµVµ , (50)
since the length dimension of Vµ is −3 (it contains 3 derivatives acting on the metric), and
thus
∫
dDx
√−g∇¯µVµ is only dimensionless in D = 4. We can then conclude that, since the
first term in Eq. (50) is a boundary term in any dimension, the Euler density contribution
to the torsion source is,
1√−g
δ
δTµ
∫
dDx
√−gE4 = −(D − 4)Vµ , (51)
which shows that the fundamental Ward identity (17) is in fact respected by this contribu-
tion. Note that this is not possible to achieve in a theory containing the metric only, since
necessarily the Gauss-Bonnet contribution is finite and spoils the identity 〈T µµ 〉 = 0.
However, this is not yet the end of the story. In order to renormalise (47) one has to make
all the terms (except possibly E4) finite in D = 4 and the only way of doing that within
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dimensional regularisation is to add scale dependent counterterms that in this way introduce
a scale dependence in the renormalized action, thus breaking conformal symmetry. In the
next section we discuss how to cure such an apparent violation of conformal Ward identities.
F. The role of scale µ
In subsection IVE we have seen that – in presence of geometric or scalar field condensates,
perturbative renormalised effective actions typically contain scale dependent terms that may
violate the conformal Ward identity (17). Indeed, consider the first term in the effective
action (47). Due to the presence of Γ(1−D/2) ∝ 1/(D−4), that term is divergent in D = 4,
Using standard dimensional regularisation, by which one adds a scale dependent countertem
∝ 1/(D−4) to remove the divergence, one ends up with the following renormalised, scale
dependent, effective action,
Γeff =
∫
d4x
√−gLeff =
∫
d4x
√−gα˜R¯2 ln
(
R¯
µ2
)
, (52)
where α˜ is a (finite) coupling constant that does not depend on µ. Upon varying this action
with respect to gµν and taking a trace, then upon varying with respect to Tµ and taking a
divergence, one ends up with,
gµν
2√−g
δΓeff
δgµν
+ ∇¯α 1√−g
δΓeff
δTα = 2α˜R¯
2 = −µdLeff
dµ
. (53)
This shows that a standard renormalisation procedure (such as dimensional regularisation)
leads to scale-dependent effective action that breaks the conformal Ward identity (53), see
Eq. (17). In order to understand how to deal with such a situation without breaking the
local Weyl symmetry, we should carefully ponder on the meaning of the renormalisation
scale µ.
From the perspective of renormalisation, µ is not a physical quantity, and it can be chosen
to correspond to any scale we pick to probe the physics. On the other hand, renormalisation
group flow is constructed by demanding that changing this scale does not change the physics,
which is expressed by the following requirement on an effective action Γ,
µ
dΓ[µ]
dµ
= 0 . (54)
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This means that the effective action Γ[µ], and consequently all observables derived from it,
cannot dependent on µ. 13
As a consequence, we typically require µ to be a spacetime constant, ∂αµ = 0. That
is just a probing mass scale which does not change the dynamics. In this context of this
work however, ∂αµ = 0 is not a gauge invariant statement, in the sense that it transforms
non-trivially under Weyl transformations. Therefore, it is much more natural to demand
instead,
∇¯αµ = ∂αµ+ D − 2
2
Tαµ = 0 , (55)
which is the conformally invariant expression for spacetime constancy of µ. In writing (55)
we have assumed that the conformal dimension of µ is equal to that of a classical scalar
field, i.e. wµ = −(D− 2)/2, which is the natural choice. When Eq. (55) is enforced on µ we
have (on-shell),
Tα = − 2
D − 2∂α log(µ) . (56)
Note that Tα is purely longitudinal, i.e. its transverse part is zero. Eq. (56) does not
really mean that µ is spacetime dependent. Indeed all that dependence is pure gauge as
there always exists a (gauge) frame defined by Tα = 0 in which µ is truly constant. The true
spacetime constancy of µ is therefore retained by the gauge invariant statetement, 1
µ
∇¯αµ = 0
and any other choice of µ (including the standard one) will be gauge dependent and thus
will break conformal symmetry. The problem with the standard choice µ = constant in the
effective action is that off-shell µ = µ[Tµ] and neglecting that dependence would be simply
wrong (in the sense that it breaks conformal symmetry). In other words, the gauge Tµ = 0
is allowed only after variation is exacted, i.e. on-shell.
That (55) is the natural choice can be argued as follows. Since at low energies the Weyl
symmetry is (spontaneously) broken, there exists a Goldstone boson θ which transforms
under the Weyl scaling as, θ → θ + log Ω. Then the quantity eD−22 θµ is a (gauge-invariant)
13 This statement should not be mixed with the statement that e.g. coupling constants (which determine
physical scattering rates) run with some physical scale. When such statements are made, it is always
assumed that the scale has a physical meaning, an example being an invariant energy in scattering
processes. In fact, one should understand (54) as follows. There exists a map that generates a characteristic
flow of the effective action which maps Γ[µ, λi, ψj ] onto Γ[µ
′, λ′i, ψ
′
j ] such that Γ[µ, λi, ψj ] = Γ[µ
′, λ′i, ψ
′
j ].
Since in general the couplings λi 6= λ′i and the fields ψj 6= ψ′j , the form (i.e. the dependence on the
couplings and fields) of Γ[µ, λi, ψj ] and Γ[µ
′, λ′i, ψ
′
j ] are not in general the same. Nevertheless, both
actions are equivalent in the sense that they describe exactly the same physics.
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scalar field combination and therefore can be used as an invariant probe of some physical
scale.
As a consequence of the requirement (55), the torsion source Πµ acquires an extra con-
tribution ∆µΠ
α of the form, 14
∆µΠ
α = − 2
D − 2
◦
∇α 1◦

µ
∂Leff
∂µ
. (57)
Taking a (conformal) divergence of ∆µΠ
α yields,
∇¯α
(
∆µΠ
α
)
=
◦
∇α
(
∆µΠ
α
)
= − 2
D − 2µ
∂Leff
∂µ
, (58)
where we took account of the fact that the conformal weight of torsion source
√−gΠα is
zero.
Adding (58) to (53) and taking D = 4 we obtain that the fundamental Ward identity (17)
is satisfied. This is not a coincidence and in fact it works in general. Namely, demanding
that regularisation respects conformal symmetry by requiring that any scale dependence
introduced by regularisation procedure is conformally invariant will result in an effective
action which satisfies the fundamental conformal Ward identity (17).
In the above procedure we have introduced non-locality in the source of torsion such
that we do no longer meet the requirement that T µµ = −∇µDµ, with Dµ being a local
dilatation current. This signals a breaking of the global Weyl symmetry, meaning that the
physical state of the theory will not be invariant under dilatations or special conformal
transformations, but the local Weyl symmetry will in fact not be violated.
Finally, one might worry that this unphysical dependence on µ changes the equations
of motion for θ. This is not the case however, since θ is a pure gauge field and, since the
equations of motion are gauge independent, once on-shell one can always go to the gauge
θ = const. In this gauge, the Goldstone degree of freedom is incorporated in some other
field (which will typically be the metric tensor) and since the equations of motion are gauge
independent the equation of motion for θ is just a constraint implied by the equations of
motion of the field that has“eaten-up” the Golstone field.
14 Note that in Eq. (57) the derivative operator and inverse Laplacian are torsion independent and contain
only contributions on the metric. However, since the scaling dimension of µ∂Leff
∂µ
is equal to −D, the
conformal divergence of ∆µΠ
α satisfies
◦
∇α∆µΠα = ∇¯α∆µΠα = µ∂Leff∂µ , as in Eq. (58). This in turn
implies that ∆µΠ
α scales as µ∂Leff
∂µ
, that is with conformal weight −D, even though this is not manifest
in Eq. (57).
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G. Higher order Ward identities
To conclude, we shall list the higher order Ward identities that follow from invariance
of the quantum theory under conformal transformations. Some identities – in particular
the identities involving a three-point function – can receive anomalous contributions from
interacting fermions. Although we do not analyse such contributions in detail here, we are
confident that the arguments provided in this paper apply also to conformal Ward identities
for higher point functions. Once again, this belief is motivated by the fact that quantisation
on curved spacetimes is Weyl invariant.
Consider the following n-point function of the theory,
iG{n}(x1, · · · , xn) ≡ 〈T {φ(x1) · · ·φ(xn)}〉 =
∫
D¯φeiS[φ]φ(x1) · · ·φ(xn) , (59)
and performing a conformal transformation, φ→ (1 + γω)φ we would find,
δiG{n}(x1, · · · , xn) = γ
∫
x
ω(x)
n∑
i=1
δ(x− xi)√−g(xi) iG{n}(x1, · · · , xn) (60)
= i
∫
D¯φeiS[φ]
∫
x
(
− D − 2
2
1√−g
δS
δφ(x)
ω(x)φ(x)− 2√−g
δS
δgµν(x)
ω(x)gµν(x) (61)
+
1√−g
δS
δTµ(x)∂µω(x)
)
φ(x1) · · ·φ(xn) ,
where
∫
x
≡ ∫ dDx√−g, and γ is the scaling dimension of the quantum field φˆ. The first
term in (61) vanishes due to the Ehrenfest theorem (78) and hence – up to a boundary term
– we are left with,〈
T
{[∇¯µΠµ(x) + T µµ (x)]φ(x1) · · ·φ(xn)}〉 = −γ n∑
i=1
δ(x− xi)√−g(xi)G{n}(x1, · · · , xn) . (62)
Upon expanding the time-ordering operator in (62) and using the fact that δ(y0 −
x0) [Π0(y), φ(x)] = −[(D − 2)/2]iδD(x − y), it is easy to see that Eq. (62) can be rewritten
as,
∇¯µ
〈
T
{
Πµ(x)φ(x1) · · ·φ(xn)
}〉
+
〈
T
{
T µµ (x)φ(x1) · · ·φ(xn)
}〉
(63)
= −
(
γ − D − 2
2
) n∑
i=1
δ(x− xi)√−g(xi)G{n}(x1, · · · , xn) .
The factor γ− (D−2)/2 on the right hand side of Eq. (63) is just the anomalous dimension
of φˆ.
A proper understanding of the higher conformal Ward identities (63) is important and we
intend to consider their full ramifications for conformal anomalies in a separate publication.
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V. CONCLUSION
A vast amount of literature agrees that conformal (Weyl) symmetry is a very special
local symmetry in the sense that, if it is symmetry of a classical theory, it generically gets
broken by quantum effects. It is interesting to note that all other local symmetries that are
realised in Nature – including gauge symmetries and diffeomorphisms – are widely believed
to be respected at the quantum level provided they are realised classically, with the notable
exception of chiral symmetry.
In this work we argue that there is a way of preserving Weyl symmetry at the quantum
level. The trick is to add to the action a dilatation current (that is independent of the stress-
energy tensor) and a corresponding compensating Weyl field. In light of our former work [11]
(see section II for a brief introduction into gravity theory with torsion) the torsion trace
appears as the natural candidate for the Weyl field since torsion makes gravity conformal
and in addition it is geometric and thus couples universally to all matter fields, respecting
thus the equivalence principle.
In fact the usual conformal anomalies found in literature can be reinterpreted as the
anomalies associated with breaking of global scaling symmetry. Indeed, we argue in sec-
tion IV that a non-vanishing of the trace of the energy-momentum tensor, 〈T µµ 〉 6= 0, is a
telltale sign for a breakdown of global rescaling symmetry by quantum effects.
On the other hand, the story of local Weyl symmetry is completely different. Indeed, in
section IV we show that local Weyl symmetry needs not get broken by quantum effects. In
particular there we show that, in presence of a compensating Weyl field Tµ, the conformal
Ward identities get modified, but remain satisfied. For example, the fundamental conformal
Ward identity gets modified to (17), i.e. any anomalous contribution to the trace of the
energy-momentum, 〈T µµ 〉, is not interpreted as a violation of local Weyl symmetry, but
instead it just sources divergence of the current Πµ, which acts as a source for the Weyl field
and can be thus interpreted as the curved space generalisation of the dilatation current.
Unlike in flat spacetimes however, where the dilatation current depends on the energy-
momentum tensor, in curved spaces it generally does not because in curved spaces there
exists an independent Weyl one-form which can be naturally identified with the torsion
trace.
We proceed and in IVB, IVC and IVD we consider several simple interacting theories
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of matter fields that are classically conformal in four spacetime dimensions and show that
they all satisfy the fundamental Ward identity (17). This then lends strong support to the
statement that, if the standard model is made classically conformal (which can be done e.g.
by replacing the Higgs mass term, µ2H†H , by an interaction term with a scalar singlet φ,
−λφHφ2H†H), it will remain conformal at the quantum level. The importance of this state-
ment cannot be underestimated for building conformal extensions of the standard model,
in which the symmetry is respected in the ultraviolet, but ‘broken’ by scalar condensate(s)
mediated by quantum effects such as in the Coleman-Weinberg mechanism.
Furthermore, we point out in IVF that - even though quantisation procedures in gen-
eral respect conformal symmetry (as shown in III) – it is generically broken by all standard
regularisation procedures. We first point out that, in light of Weyl transformations, scale de-
pendence introduced by conventional regularisation schemes can be thought of as a constant
scale in a particular conformal gauge (given by T Lµ ≡ ∂αθ = 0 =⇒ θ = constant). Next we
show that, elevating the usual notion of spacetime constancy (∂αµ = 0 =⇒ µ = constant)
to the suitable gauge indepedent notion (∇¯αµ = 0 =⇒ Tα = −[2/(D−2)]∂α ln(µ)) restores
the conformal Ward identity (17) implied by any effective action. This is of course not a
coincidence, as our procedure restores Weyl symmetry in regularisation procedures. It is
interesting to point out that one can pick the gauge µ = constant at the level of equations
of motion (on-shell), such that regarding any physical quantity Oi[µ] obtained by variation
of an effective action, there is no difference whatsoever between our procedure and conven-
tional regularisation procedures. Indeed, since Oi[µ] is an on-shell quantity, one can choose
the scale µ in Oi[µ] to be constant (which is what is usually done) and then set µ to a con-
venient physical quantity (such as an invariant energy E in scattering processes) to finally
obtain Oi[E ]. Such a procedure fully respects the conformal Ward identity (17). It is worth
pointing out that our proposal to modify standard regularisation schemes is supported by
our consideration of a representative sample of interacting quantum field theories in sec-
tions IVB–IVD in the sense that the operator methods and effective action approach yield
equivalent conformal Ward identities.
The Gauss-Bonnet term E4 (48) in section IVE is a geometric scalar that contributes
to the conformal anomaly and deserves additional reflection. Namely, E4 is topological in
D = 4, which means that it can be written as a derivative of a vector, E4 = ∇¯µVµ4 . This
then implies that the Gauss-Bonnet integral, which in Euclidean spaces gives the Euler
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characteristic of the manifold that can be represented as an alternating sum of the Betti
numbers, is related to the topology of the spacetime manifold and therefore, ultimately,
to the quantum state of the gravitational field. Then quantum states with different Betti
numbers fall into distinct topological classes which might be of fundamental importance in
specifying the vacuum state of the gravitational field and, via its connection to the dilatation
current, it can lead to creation of particles.
In order to get a better idea on what it all means, let us recall the well known the chiral
anomaly in particle physics, which states that the chiral current in the standard model is
anomalous in the sense that its divergence is sourced by the Chern-Simons’ density (which is
a pseudo-scalar proportional to the product of electric and magnetic fields). Then a change
in the Chern-Simons’ number (which is the spatial volume integral of the Chern-Simons’
density) signals creation of chiral fermions out of the Dirac sea. Analogously, a change in
the Euler characteristic signifies creation of particles associated with the dilatation current
Πµ, which are scalar particles. These particle deserve a name and can be called conformalons
or weylons.
While we show in section III that quantisation of simple constrained systems is conformal
– see Appendix A for a consideration of quantisation of an Abelian gauge theory – we
postpone the analysis of non-Abelian gauge theories and gravity to future work.
Finally, for completeness in IVG we show how to derive higher order conformal Ward
identities, but leave to future work to rigorously prove that they are indeed satisfied.
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Appendix A: Abelian Gauge Theory
Gauge theories and gravity constitute constrained systems and therefore their quantiza-
tion requires a special attention. For simplicity here we consider the symplest case: path
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integral quantization of an Abelian gauge theory, but we expect analogous results to hold
for non-Abelian gauge theories and gravity.
For a theory with constraints Dirac quantisation [14] is the method of choice. In this
procedure, instead of replacing Poisson brackets of quantities A,B with commutators as it
is prescribed in canonical quantisation, {A,B} → [Aˆ, Bˆ]/(i~) , one constructs Dirac brackets
{·, ·}D and replaces them with commutators according to,
{A,B, }D → [Aˆ, Bˆ]
i~
. (64)
Dirac brackets are constructed from an extended Hamiltonian, in which all (independent)
constraints are enforced by the introduction of Lagrange multipliers. The choice of Lagrange
multipliers is in principle arbitrary, and the freedom of their choice is known as gauge free-
dom. A particular choice of how Lagrange multipliers depend on fields and their canonical
momenta corresponds to a choice of gauge (this notion of gauge generalises the usual notion
of gauge fixing in gauge theories). One can then show that different gauge choices yield
identical answers for expectation (on-shell) values of Hermitean operators (physical observ-
ables). This independence of gauge of on-shell quantities is then the precise sense in which
gauge freedom exists. For brevity in this Appendix we focus primarily on the path integral
quantization and refer to Ref. [15], in which it was proved that Dirac quantization and path
integral quantization presented here are equivalent in the sense that they yield identical
in-out scattering amplitudes.
We begin our consideration by noting the classical action for an Abelian gauge field Aµ,
SEM =
∫
dDx
√−g
[
−1
4
gµλgνσFµνFλσ
]
= (65)
=
∫
d4x
√−g
[
−1
4
(
gµλ⊥ + g
µλ
‖
) (
gνσ⊥ + g
νσ
‖
)
FµνFλσ
]
, (66)
where Fµν = ∂µAν − ∂νAµ is the gauge field strength, gµλ⊥ = gµλ − n
µnλ
‖n‖2 is the induced
(inverse) metric on a space-like hyper-surface Σ (nµ ⊥ Σ) and gµλ‖ = n
µnλ
‖n‖2 . The canonical
momentum of Aµ is given by,
πµ =
δS
δ(nν∂νAµ(x))
= −√−g n
σ
‖n‖2g
µλ
⊥ Fσλ =⇒ nµFµν = −
πµg⊥µν√−g‖n‖−2 & nµπ
µ = 0 . (67)
The last equation in Eq. (67) is a constraint. When one chooses time such Σ is a hyper-
surface of constant time, then nµ = δ
0
µ and the condition nµπ
µ = π0 = 0 sets the temporal
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momentum of the gauge field to zero. Other (secondary) constraints are obtained by tak-
ing the commutator of (67) with the Hamiltonian, which is obtained by taking a Legendre
transform of the Lagrangian in (65),
H =
∫
dD−1x
(
− g
⊥
µνπ
µπν
2
√−g‖n‖−2 + π
µnν∂µAν +
√−g
4
gαγ⊥ g
βδ
⊥ FαβFγδ + λ0 nµπ
µ
)
, (68)
where, in order to enforce the constraint nµπ
µ = 0, we have introduced a Lagrange multi-
plier, λ0. Secondary constraints can be obtained by computing the Poisson bracket of the
constraint nµπ
µ with the Hamiltonian. Using {πµ(~x), Aν(~y)} = δµν δ(~x− ~y), we find,
Φ = nσ {πσ, H} = −nσ∂µ (nσπµ)−
√−gnβ∇α
(
gαγ⊥ g
βδ
⊥ Fγδ
)
. (69)
One can then verify that no further independent constraints are generated by taking other
Poisson brackets. Note also that Φ is a covariant constraint: if the definition of the momen-
tum πµ is plugged in we get,
Φ =− nρ∂µ
(√−gnρnσ‖n‖2 gµλ⊥ Fσλ
)
= −√−g‖n‖ nρ‖n‖∇¯µ (F
µρ) . (70)
The physical meaning of Φ can be divulged/disclosed by making use of the Stokes’ theorem.
Since the conformal dimension of the dual 2-form of the gauge field strength, F˜αβ = ǫαβ
µνFµν ,
is w = D−4
2
, we can apply the conformal Stokes theorem (4) in D = 4 to dF˜ on some subset
of the spatial slice, I ⊂ Σ,∫
I
∇¯λF˜µνdxλ ∧ dxµ ∧ dxν =
∫
I
∂λF˜µνdx
λ ∧ dxµ ∧ dxν =
=4
∫
I
nρ
‖n‖∇¯µ (F
µρ)
√
g⊥d3x = 4
∫
I
Φd3x =
=4
∫
I
[
∇¯µ
(
gµν⊥
nα
‖n‖Fνα
)
− F λρ∇¯λ
(
nρ
‖n‖
)]√
g⊥d3x
=4
∫
I
[
(g⊥)µλ∇¯µ
(
gλν⊥
nα
‖n‖Fνα
)]√
g⊥d3x =
∫
∂I
F˜µνdx
µ ∧ dxν ,
(71)
where we used the notation,
nρ
‖n‖dV =
nρ
‖n‖
√
−g⊥dxdydz = 1
3!
ǫραβγdx
α ∧ dxβ ∧ dxδ (72)
to denote the induced volume form on the surface I ⊂ Σ, which transforms as a vector of
scaling dimension 4 under Weyl transformations. Furthermore,
√
g⊥d3x =
√−g‖n‖−1d3x
is the induced volume form on Σ. From Eq. (71) we see that the last equality represents the
electric flux associated with the field strength Fµν through the two-dimensional surface ∂I.
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In presence of a source the constraint (69) gets modified from Φ = 0 to Φ = nµJ
µ
γ , where
Jµγ is the electromagnetic current. This then modifies (71) to,∫
∂I
F˜µνdx
µ ∧ dxν =
∫
I
nµ
‖n‖J
µ
γ
√
g⊥d3x . (73)
Hence Eq. (73) is the curved space generalization of the Gauss’ law,
∫
∂I
~E · d~S = ∫I ρdV .
In Eq. (73) the role of the electric field is played by the spatial vector, gµν⊥ Fνα
nα
‖n‖ , which on
flat spaces with flat foliation results in F i0.
The gauge condition that we can associate with the constraint nµπ
µ = 0 is naturally
nµAµ, while the one to associate with nσ∂µ (n
σπµ) =
√
g⊥(g⊥)µν∇¯µ pi
ν√
g⊥
should be, in light
of the previous observations, (g⊥)βα∇¯β (Aνgαν⊥ ). Thus we can construct the path integral
representation of the scattering amplitude in the gauge, nµAµ = 0, ∇¯⊥µAµ⊥ = 0. The Poisson
brackets of the constraints with their associated canonical variables are,
{nµπµ, nνAν} 0
0 {
√
g⊥(g⊥)µν∇¯µ pi
ν√
g⊥
, ∇¯⊥ν Aν⊥}

 =

‖n‖2δD−1(~x− ~y) 0
0 ¯⊥δD−1(~x− ~y)

 ,
(74)
where
¯
⊥δD−1(~x− ~y) = 1√
g⊥
(
∂µ −
(
D − 2
2
)
Tµ
)√
g⊥gµν⊥ ∂νδ
D−1(~x− ~y) , (75)
transforms covariantly under Weyl rescalings in D = 4, acting on a function with scaling
dimension 0.
Following [15] we can now write the path integral representation of the in-out scattering
matrix as, 15
〈in|out〉 =
∫ ∏
σ
DπσDAσ δ (nµπµ) δ (nνAν) δ (∂απα⊥) δ
(
∇¯⊥βAβ⊥
) ∣∣det (‖n‖2δD−1(~x− ~y))∣∣
× ∣∣det (¯⊥δD−1(~x− ~y))∣∣ exp(i ∫ dDx[πµnν∂νAµ −H]
)
.
(76)
15 Even though the path integral (76 ) is derived for the free theory, its expression is valid also in interacting
theories. The constraints in interacting theories get modified in the sense that they involve sources. This
modification does not change the invariance of the path integral measure under gauge or conformal trans-
formations, but might introduce non-trivial field dependence in the determinant factor, det
(∇¯i∂iδ(~x− ~y)),
since some constraints and gauge conditions may not commute with each other.
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In Ref. [15] it was shown that the scattering amplitude (76) is independent on the gauge
condition chosen. In addition Eq. (76) is manifestly covariant (diffeomorphism invariant)
and conformal (Weyl invariant), as can be easily checked.
Appendix B: Ehrenfest Theorem
In this appendix we derive the Ehrenfest theorem, which can be reinterpreted as the Ward
identity for infinitesimal fields translations. This theorem is useful for proving the funda-
mental conformal Ward identity in section IVA. Consider now the time ordered product of
n-fields, represented by the path integral,
〈in|T{φ(x1) · · ·φ(xn)}|out〉 = 1〈in|out〉
∫
D¯φei
∫
dDxLφφ(x1) · · ·φ(xn) . (77)
The path integral (77) is invariant under the field independent local shifts, φ(x) →
φ′(x) = φ(x) + ξ(x), for which one can then write, 〈in|T{φ(x1) · · ·φ(xn)}|out〉 =
〈in|T{φ′(x1) · · ·φ′(xn)}|out〉, from which it follows that [18],〈
in
∣∣∣∣T
{(
δ
δφ(x)
∫
dDxLφ
)
φ(x1) · · ·φ(xn)
} ∣∣∣∣out
〉
= 0 , (78)
where any derivative operator acts inside the time-ordered product [18]. When, on the other
hand, the derivatives are pulled outside of the time-ordered product, one gets,
x
〈
in
∣∣∣∣T {φ(x)φ(x1) · · ·φ(xn)}
∣∣∣∣out
〉
+
〈
in
∣∣∣∣T
{(
∂Lint
∂φ(x)
)
φ(x1) · · ·φ(xn)
} ∣∣∣∣out
〉
=
= i
n∑
i=1
〈
T
{
φ(x1) · · · δD(x− xi) · · ·φ(xn)
}〉
,
(79)
where we have assumed that the Lagrangian density can be split into the free part (L0) and
the part that contains (polynomial) interactions (Lint) as,
Lφ = L0 + Lint , L0 = 1
2
gµν
(∇µφ)(∇νφ) . (80)
The non-vanishing right hand side in (79) is due to the non-commuting of the time ordering
operation and the derivative operators appearing in the Lagrangian (80). 16
16 Equation (79) can be proven by noting that one can rewrite time ordering operation as,〈
in
∣∣∣∣T {φ(x1) · · ·φ(xn)}
∣∣∣∣out
〉
=
∑
σ∈Sn
θ
(
x0σ(1) − x0σ(2)
)
θ
(
x0σ(2) − x0σ(3)
)
· · · θ
(
x0σ(n−1) − x0σ(n)
)
×
×
〈
in
∣∣∣∣φ (xσ(1)) · · ·φ (xσ(n))
∣∣∣∣out
〉
,
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In particular, Eq. (77) implies the identity,〈
in
∣∣∣∣T
{(
δS
δφ(x)
)
φ(y)
}∣∣∣∣out
〉
= 0 , (81)
where all the derivatives act inside of the time-ordered product. This equation – also known
as the Ehrenfest theorem – is just the statement that the field operator satisfies its equations
of motion multiplied by one (or more) field(s), upon time ordering and expectation values
are exacted.
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